Abstract. We prove that the universal enveloping algebra of a Poisson-Ore extension is a length two iterated Ore extension of the original universal enveloping algebra. As consequences, we observe certain ring-theoretic invariants of the universal enveloping algebras that are preserved under iterated Poisson-Ore extensions. We apply our results to iterated quadratic Poisson algebras arising from semiclassical limits of quantized coordinate rings and a family of graded Poisson algebras of Poisson structures of rank at most two.
Introduction
As an analogue of the classical enveloping algebras of Lie algebras, the notion of Poisson universal enveloping algebra was first introduced in [8] to illustrate the equivalence of the following two categories:
which translates the representations of a Poisson algebra R into the representations of a noncommutative algebra R e , called the Poisson universal enveloping algebra of R. Natural questions arise about the structures between R and R e , to which our main result is stated regarding Poisson-Ore extensions in the sense of [9] .
Theorem 0.1. Let R be a Poisson algebra, and R e be its universal enveloping algebra.
(1) For any Poisson-Ore extension A of R, the universal enveloping algebra A e is a right double Ore extension of R e . Moreover, it is a length two iterated Ore extension.
(2) For any iterated Poisson-Ore extension A of R, the universal enveloping algebra A e is an iterated Ore extension of R e of double length.
Our proof strategy is first to show that A e is a right double Ore extension of R e (Subsection 1.4), and then apply [2, Theorem 2.4 ] to show that it is indeed a length two iterated Ore extension. As consequences, we have the following corollary by using the properties of Ore extensions.
Corollary 0.2. Let R be a Poisson algebra, and A be an iterated Poisson-Ore extension of R. Then the universal enveloping algebra A e inherits the following properties from R e :
(2) being Noetherian; (3) having finite global dimension; (4) having finite Krull dimension; (5) being twisted Calabi-Yau.
In particular, let R be a connected graded Poisson algebra, and A be a graded iterated Poisson-Ore extension of R. Then R e and A e are connected graded algebras, and A e aslo inherits the following properties from R e :
(6) being Artin-Schelter regular; (7) being Koszul provided that A is quadratic.
For applications, we consider iterated quadratic Poisson algebras arising from semiclassical limits of quantized coordinate rings. In fact, these quantum algebras are all iterated Ore extensions of the polynomial algebra with one variable. Hence they give rise to iterated Poisson-Ore extensions of the same algebra with trivial Poisson bracket through the semiclassical limit process, see reference [6, Proposition 4.1] . Also, we consider one family of graded Poisson algebras, whose Poisson bracket is determined by a skew-symmetric matrix. Our classification shows that their Poisson structures have rank at most two in the sense of [1, §3] , and the isomorphism classes consist of a discrete class and a parametric family, where the latter one is a Poisson-Ore extension of a free Poisson algebra.
Preliminaries
Throughout, we work over a base field k. We use R to denote a commutative algebra, and it is said to be connected graded if R = k ⊕ R 1 ⊕ R 2 ⊕ · · · such that R i R j ⊆ R i+j for all i, j ≥ 0.
Poisson algebras.
A Poisson algebra is a commutative algebra R with a Lie bracket {−, −} such that {ab, c} = a{b, c} + {a, c}b for all a, b, c ∈ R, called Leibniz rule. Also a graded Poisson algebra is defined to be a graded commutative algebra with a degree 0 graded Lie bracket satisfying the Leibniz rule.
Universal enveloping algebras of Poisson algebras.
The universal enveloping algebra of a Poisson algebra R is determined by the following universal property: let (A, m, h) be a triple, which has property P described as (P1) A is an algebra and m : R → A is an algebra map; (P2) h : (R, {−, −}) → A L is a Lie algebra map; (P3) m {r,s} = h r m s − m s h r , and (P4) h rs = m r h s + m s h r , for all r, s ∈ R, then (A, m, h) is called the universal enveloping algebra of R if for any other triple (B, f, g) satisfying property P, there exists a unique algebra map φ : A → B such that f = φm and g = φh, see reference [8] . Sometimes, we say that the following diagram commutes with respect to property P:
The universal enveloping algebra of R is usually denoted by R e , which can be constructed explicitly.
We follow [11, §2] . Let V = R ⊕ R with two inclusions of R denoted by m and h. Denote by R e the tensor algebra T (V ) modulo the following relations:
for all r, s ∈ R. It is clear that m, h induce two linear maps from R to R e , where we keep the same notations. Then the universal enveloping algebra of R is given by the triple (R e , m, h). Sometimes, we only call R e the universal enveloping algebra of R without specifying the two linear maps m, h.
Note that R e is generated by m R and h R as an algebra. Furthermore, if R is a graded Poisson algebra, then so is R e by setting deg m r = deg h r = deg r for any homogenous element r ∈ R. 
for all r, s ∈ R. 
for all a, b ∈ A; (D2) y 2 y 1 = p 12 y 1 y 2 + p 11 y 2 1 + τ 1 y 1 + τ 2 y 2 + τ 0 , where P := {p 12 , p 11 } is a set of elements of k and τ := {τ 0 , τ 1 , τ 2 } is a set of elements of A; (D3) 6 compatible conditions: 
We denote by A P [y 1 , y 2 ; σ, η, τ ] the right double Ore extension of A associated to the DE-data {P, σ, η, τ }. By symmetry, we have the notion of left double Ore extension, and we say that the extension is a double Ore extension if it can be obtained by adding two generators via both right and left double Ore extensions.
Universal enveloping algebras of Poisson-Ore extensions
In this section, we will show that the universal enveloping algebra of a Poisson-Ore extension is a length two iterated Ore extension of the original universal enveloping algebra. Let R be a Poisson algebra, and we consider its Poisson-Ore extension R[x; α, δ] P for some Poisson derivation α of R and some Poisson α-derivation δ of R. The Poisson bracket in R[x; α, δ] P can be explicitly given by
for all r, s ∈ R and p, q ≥ 0. We denote by (R e , m, h) the universal enveloping algebra of R, which has property P.
First of all, we state the DE-data {P, σ, η, τ } for the right double Ore extension of R e in Theorem 0.1.
•
, for all r ∈ R. (2.2)
, for all r ∈ R.
• p 11 = 0, p 12 = 1 in P and τ = 0, i.e., y 2 y 1 = y 1 y 2 .
Secondly, we will show that the DE-data given above is well-defined. For (D1), we define two linear maps f, g :
for all r ∈ R. According to Theorem 1.1, it is direct to check that the triple (M 2 (R e ), f, g) has property P. Hence the universal property of R e guarantees the existence of a unique algebra map
such that σm = f and σh = g, which yields the explicit formula (2.2) of σ. For (D2), it is easy to check that η preserves the relations (R1). Thus η can be extended to a unique σ-derivation on R e . At last direct computation verifies (D3). Proof. Similarly, we can define another algebra map φ :
for all r ∈ R. Direct computation shows that σ and φ are inverse to each other.
Proposition 2.2. The right double Ore extension of R e is a length two iterated Ore extension such
Proof. By (2.2), we know σ 12 = 0 and σ 11 = σ 22 . Hence φ 11 σ 11 = σ 11 φ 11 = Id by Lemma 2.1, which implies that σ 11 = σ 22 is an automorphism of R e . Then the right double Ore extension is an 
, for all r ∈ R, q ≥ 1. = LHS of (P 4).
For condition (P2), we need to show that h is a Lie algebra map, i.e.,
By definition, (2.7) holds for a, b ∈ R. If a = x and b = r ∈ R, then LHS of (2.7) = h(α(r)x + δ(r)) = m α(r) y 2 + (h α(r) + m α 2 (r) )y 1 + m δα(r) + h δ(r) .
On the other side, we have RHS of (2.7) = y 2 h r − h r y 2 = (h α(r) + m α 2 (r) )y 1 + (h r + m α(r) )y 2 + h δ(r) + m δα(r) − h r y 2 .
Hence (2.7) also holds in this case. It suffices to consider a, b to be both monomials. For arbitrary b, we do inductions on the degree of a. It suffices to show that if (2.7) holds for h({c, b}), h({d, b}), then it is true for h({cd, b}). We get h({cd, b})
This completes the proof.
Proof of Theorem 0.1. By Proposition 2.2 and Lemma 2.3, it suffices to prove the universal property of R e P [y 1 , y 2 ; σ, η] with two linear maps m, h defined in (2.4). We work over the following commutative diagram with respect to property P:
Let (B, f, g) be another triple satisfying property P. By precomposing f and g with the natural inclusion i R : R → R[x; α, δ] P , we get two linear maps f R , g R : R → B. It is clear that (B, f R , g R ) has property P induced from (B, f, g). Hence, by the universal property of R e , we obtain a unique algebra map φ R from R e to B such that φ R m = f R and φ R h = g R .
Next we define an algebra map φ : R e P [y 1 , y 2 ; σ, η] → B by φ| R e = φ R and φ(y 1 ) = f (x) and φ(y 2 ) = g(x). In order to show that φ is well-defined, it suffices to check that φ preserves the relations in the DE-data. For (D2), we have
For (D1), it is enough to take a = m r or a = h r for all r ∈ R. When a = m r , we have
When a = h r , it is similar. Finally, the algebra map φ makes the above diagram commutate and the uniqueness of φ comes from the universal property of R e . (4) is well-known for the properties of Ore extensions. Note that a connected graded algebra is twisted Calabi-Yau if and only if it is Artin-Schelter regular. So (5) and (6) comes from [7] . And (7) follows from [10, Corollary 1.3].
Proof of Corollary 0.2. (1)-

Examples
As applications, we will consider examples of iterated quadratic Poisson-Ore extensions starting from a free quadratic Poisson algebra k[x 1 , x 2 , · · · , x n ] with trivial Poisson bracket. Since the universal enveloping algebra of the initial Poisson algebra is a quadratic polynomial algebra with double-sized variables, all the properties in Corollary 0.2 apply in all these cases.
3.1. Semiclassical limits of quantized coordinate rings. We explicitly treat one example: the coordinate rings of quantum matrices and their semiclassical limits. Let Char k = 0, and k[[ ]] be the formal power series, where we define
for any α ∈ k. Given a nonzero scalar λ ∈ k × and a multiplicatively skew-symmetric matrix
-algebra with generators X ij for i, j = 1, · · · , n, subject to
Note that B/ B = O(M n (k)), the ordinary coordinate rings of matrix algebras. Denote the generators x ij := X ij + B in O(M n (k)). The semiclassical limit process equips O(M n (k)) with a Poisson bracket such that {x lm ,
After assigning a lexicographic order x 11 < x 12 < · · · < x nn on the generators, we see that
is an iterated quadratic Poisson algebra of the form
where the derivations are given by 
n , for all 1 ≤ i, j ≤ n and c ij ∈ k. Note that the matrix of coefficients C := (c ij ) is skew-symmetric, and the Poisson algebra will be denoted by A(C). For the sake of simplicity, the base field k is algebraically closed and Char k = 2. 
Proof. (1)⇐⇒ (2) is well-known since A is a free Poisson algebra generated in degree one. And (2)⇐⇒(3) follows from the Jacobi identity, since
Because C is skew-symmetric, it suffices to consider that 1 ≤ i < j < k < s ≤ n. Proof. Let φ : A(C) → A(D) be a graded Poisson isomorphism. Hence φ is given by some n × nmatrix M = (m ij ) ∈ GL(n), since it is a graded algebra map. We denote
Then φ(x i ) = 1≤j≤n m ij y j for all x i . Note that φ preserves the Poisson bracket, so we have
for some λ ∈ k × . Direct computation shows that (3.1) is equivalent to the condition M T M = λId.
Moreover, we have
for all x i , x j . Then LHS of (3.2) equals φ(c ij ( Proposition 3.5. The parametric family A(a) is isomorphic to R[y n ; α, δ] P . Moreover, the universal enveloping algebra of A(a) is a length two iterated Ore extension of the polynomial algebra on 2n − 2 generators, and it is a Noetherian, Artin-Schelter regular and Koszul domain.
Proof. In A(a), we make a linear transformation such that y i = x i for all 1 ≤ i ≤ n − 2 and y n−1 = x n−1 + ix n and y n = x n−1 − ix n . Then it is easy to check that it is isomorphic to the described Poisson-Ore extension. Note that R e is the polynomial algebra on 2n − 2 generators by the construction of (R1). Then the remaining of the statement follows from Theorem 0.1 and Corollary 0.2.
